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Abstract 

In this paper we give an elementary proof of the Fundamental Theorem of 
Algebra for polynomials over the rational tropical semi-ring. We prove that, 
tropically, the rational numbers are algebraically closed. We provide a simple 
algorithm for factoring tropical polynomials of a single variable. A central idea 
is the concept of least- coejfiaent polynomials as representatives for classes of 
functionally equivalent polynomials. This idea has importance far beyond the 
proof of the Fundamental Theorem of Tropical Algebra. 

1 Introduction 

In this paper we will consider the tropical semi-ring, as discussed by Richter-Gebert, 
Sturmfels, and Theobald in [3] and by Speyer and Sturmfels in [3]. Our goal is to 
give an elementary proof of the Fundamental Theorem of Algebra as it applies to 
the tropical semi-ring. 

Although the authors of some papers refer to this theorem, they do not do 
more than confirm it as true or dismiss it as trivial. Nevertheless, our proof of 
this theorem is key to understanding vital components of the tropical algebraic 
structure. We note that one version of the proof has been published by Izhakian 
in [2], but Izhakian gives his proof over an "extended" tropical semi-ring that is 
substantially different from the standard tropical semi-ring that most others study. 
Hence, there is merit in discussing this elementary proof and the underlying ideas 
it addresses. 

Fundamental Theorem of Tropical Algebra. Every tropical polynomial in one 
variable with rational coefficients can be factored uniquely as a product of linear 
tropical polynomials with rational coefficients, up to functional equivalence. 
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It is important to note that this theorem only appHes up to functional equiv- 
alence. To illustrate this, note that we would factor a;^ ® 4a; © 6 as {x (B 3)^. As 
functions, these are the same — for any x they are equal. Nevertheless, the second 
expression expands to the polynomial ® Sx ® 6, which is not the same polyno- 
mial as the first. For this reason, together with the fact that geometric properties 
of a polynomial depend only on its function, we will regard two polynomials as 
equivalent if they define the same function. For more information, see Section [2] 

Since we will be dealing with equivalence classes of polynomials, it is useful to 
have a representative for each functional equivalence class. In Section [3) we discuss 
one possible, very useful representative, called a least- coefficient polynomial. We 
prove that every tropical polynomial is functionally equivalent to a least-coefficient 
polynomial and that each least-coefficient polynomial can be easily factored using 
the formula given in Section [4] 

Definition 1.1. The rational tropical semi-ring is Q = (Q U oo, ®, O) , where 



We note that the additive identity of Q is cxd and the multiplicative identity is . 
Elements of Q do not have additive inverses, but the multiplicative inverse of a is 
the classical negative a . The commutative, associative, and distributive properties 
hold. 

Notation We will write tropical multiplication a 6 as ah , and repeated multi- 
plication a a as . We will write classical addition, subtraction, multiplication, 
and division as a -\- h, a — h, a ■ h, and | , respectively. 

2 Equality and Functional Equivalence 

A polynomial f{x) e Q[x\ is defined to be a formal sum 



For two polynomials / and g , we write f — g if each pair of corresponding coeffi- 
cients of / and g are equal. 

We can also think of a tropical polynomial as a function. Two polynomials are 
functionally equivalent if for each x G Q , f{x) = g{x) . In this case, we write 
f ^ g ■ Notice that functional equivalence does not imply equality. For example, 
the polynomials ® Ix ® 2 and x^ ® 2x ® 2 are functionally equivalent, but not 
equal as polynomials. In general, functional equivalence is a more useful equivalence 
relation to use with tropical polynomials than equality of coefficients. 

Definition 2.1. A coefficient a.; of a polynomial /(x) is a least coefficient if for 
any b G Q with b < Ui , the polynomial g{x) formed by replacing with b is not 
functionally equivalent to /(x) . 



a® 6 
aQb 



min(a, b) , and 
a + b. 



f{x) = a„x" ® a„_ix" ^ ® • • • ® ao . 
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Note. If/(x) where a„ , ^ oo , then a„ and 

are least coefRcients. Additionally, ii r < i < n and = oo , then is not a least 
coefhcient. 

Lemma 2.2 (Alternate definition of least coefficient). Let a.ix'^ be a term of a 
polynomial f{x) , with not equal to infinity. Then ai is a least coefficient of f{x) 
if and only if there is some Xq € Q such that /(xq) = aiXg . 

Proof. For all a; G Q , note that f{x) < aiX^ . Suppose that there is no x such that 
f{x) = aiX^ . Then f{x) < aix"^ for all x . Now, let f{x) = f{x) — {i ■ x + ai) . Note 
that (/? is a piecewise-linear, continuous function that is linear over a finite number 
of intervals. Thus, there is an interval large enough to contain all the pieces of ip. 
By applying the extreme value theorem to this interval, we see that sup tp G , 
and hence sup tp < . Let e = | sup ip\ and 6 G Q be such that ai — e < b < a.^ . Then 

f{x) -{i-x + b) < f{x) - (i • X + a,) + e < 

and therefore f{x) < j • a: + 6 for all x G Q . Therefore, the polynomial created by 
replacing ai with b is functionally equivalent to f{x) , so Oj is not a least coefficient. 

For the other direction, suppose that there is an xq G Q such that /(xo) = OiXq . 
Given b < at , let g{x) be /(x) with Ui replaced by b. Then g{xo) < bx}, < UiXg — 
/(xo) , so 3 is not functionally equivalent to / . Therefore Ui is a least coefficient. □ 



3 Least-coefficient polynomials 

Definition 3.1. A polynomial is a least- coefficient polynomial if all its coefficients 
are least coefficients. 

Lemma 3.2 (Uniqueness of least-coefficient polynomials). Let f and g be least- 
coefficient polynomials. Then f is equal to g if and only if f is functionally equiv- 
alent to g . 

Proof. It is clear that f = g implies f ^ g . For the other direction, suppose 
that f ^ g . Then for some term a^x* of /(x) and the corresponding term biX^ of 
g{x) , we have ai ^ bi . Without loss of generality, suppose < bj . Since g is a 
least-coefficient polynomial, g{xQ) = ^^Xq for some xo , by Lemma 

/(xo) < fliXo < hxl = g{xo) , 



2.2 



Now, 



so / is not functionally equivalent to g . □ 

We will now prove that every functional equivalence class contains a unique 
least-coefficient polynomial. This least-coefficient representative is often the most 
useful way to represent a functional equivalence class of tropical polynomials. 

Lemma 3.3. Let /(x) ^ . There is a unique least- 

coefficient polynomial g{x) = 6„x" © 6„-ix"~^ © • • • © 6rx'' such that f ^ g . Fur- 
thermore, each coefficient bj of g{x) is given by 

■ [k - i) + Ofe • (j - i) 



bj — min ( < a., > U 



<i < j <k<n\] . (1) 
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Proof. First we will show that f ^ g ■ Given xq , note that f{xo) — o^Xq — Gs + s-xq 
for some s . Also, 

g{xQ) = min {b-j + j ■ xq} 

r<j<n 

a-j + 3 ■ xo, : \-3 -xo} ■ (2) 



= mm 

r<i<j<k<n K 

So for any i, j, and k such that r<i<j<k<n,ifxQ> then 

Us + S ■ Xq < ai + i ■ Xq 



ai- (k - 


J)- 


+ at ■ 


■ij-i) 




k 


— i 




a-t- {k- 


j) 








k 


— i 




a^- {k- 


J)- 


+ ak ' 






k 


— i 





0,3X0 



< -. [-{j ~i) ■ XQ + i- Xq 

+ j- Xo. 

A similar argument shows that if xq < , then 

Oi ■ (k — j) + Ok ■ (j — i) 

Os + S ■ Xq < Ok + k ■ Xq < ; ; ' \- ] ■ Xq . 

k — I 

Since this is true for all z, j, and fc, the equation in ^ evaluates to 5(^0) 
so g{xQ) = /(xq) and / ~ g , as desired. 

Secondly, we must show 17 is a least-coefficient polynomial. Given a coefficient 
hj in g , suppose that Oj is a least coefficient of / . From Equation ([T|) we see that 
^ ■ Since Oj is a least coefficient, there is some xq such that J{xq) — QijXq ^ so 
bjXQ > (?(xo) — /{xq) — ojXq . Therefore bj — Oj and g{xQ) — bjXQ . 

Now suppose that Uj is not a least coefficient. Then since Or and a„ are least- 
coefficient, we can choose u < j and v > j such that a„ and Oy are least coefficients 
and for any t such that u < t < v , ot is not a least coefficient. 

Let Xo — and suppose, by way of contradiction, that f{xo) ^ OuXq . Then 

/(xq) = OyjXQ < o^Xq for some w . Note that is a least coefficient, so it cannot 
be that u < w < v hy our assumption on u and v . If w < u then for x > xq , 

Ow + w ■ X = + u ■ X — (u — w) ■ X 

< Oyj + U ■ X — {u — w) ■ Xq 
= Ow + W ■ Xq + U ■ {x — Xq) 

< Ou + U ■ Xq + U ■ {x — Xq) 
= Ou + U ■ X 
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For X < xq , 

Uv + V • X = ay + u ■ X + {v ~ u) ■ X 

< ay + U ■ X + {v — u) ■ Xq 
= ay + V ■ Xo + u ■ {x — Xq) 
= ay + U ■ Xq + U ■ {x — Xq) 

= ay + u ■ X 

So there is no x such that f{x) — a„a;" and thus a„ is not a least coefficient, which 
contradicts our assumption. If w > v , a, similar argument shows that Uy is not a 
least coefficient, again contradicting our assumption. Therefore, 



f{xo) = a„ + u ■ 



fl u - a- v 



V — u 



ay - {v~ j) + ay ■ {j ~u) . / ay - a^ 

+ J 



V — U \ V — u 



ay-{v- j) + ay ■ {j - u) 

c + J ■ Xq , where c = (3) 

V ~ u 



Again, from we see that bj < c , and from (|3| we see cXq — f{xo) — g{xo) < bjXQ . 

So bj = c and ^(a^o) = ^j^o ■ 

Finally, g is the only such polynomial by Lemma |3.2[ □ 



Note. The use of a least-coefficient polynomial as a best representative for a func- 
tional equivalence class is one of the key ideas of this paper. We cannot develop 
well-defined algebraic transformations of tropical polynomials without unique rep- 
resentatives for functional equivalence classes. While Izhakian discusses in [2] what 
he calls an "effective" coefficient (similar to a least coefficient), the idea of using 
least-coefficient polynomials to represent functional equivalence classes has not been 
discussed. 

Lemma 3.4. Let f{x) = a„x"©a„_ix"~^©- • •©OrX'' , where each ai is not infinity. 
Let di = a^-i — ai he the difference between two consecutive coefficients. Then f{x) 
is a least- coefficient polynomial if and only if the difference between consecutive 
coefficients is non- decreasing, that is, if dn < c?n-i < • • ■ < c^r+i ■ 

Proof. Suppose that / has a set of consecutive coefficients whose differences are 
decreasing, that is, aa;'^^, bx"^, and cx*^^ are consecutive terms of f{x) such that 
h — a > c — b . Then b > ^ ■ {a + c) . We will show that f{xo) < bx^ for all xq , 
meaning that b is not a least coefficient. 
Given xq , if xq < ^ • (c — a) then 

axg"*"^ = {i + 1) ■ Xq + a 

< I ■ Xq + - ■ (c ~ a) + a 

1 . 

= 1-X0 + -■ {c+ a) 



< i ■ Xq + b = bx 



' 
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so /(a;o) < ax}^^ < bxl^ . Similarly, if a;o > | • (c — a) , 

cajfl"^ = {i — Vj-XQ + c 
1 / 

< I ■ xq — {c — a) + c 

= i-Xo+--[c + a) 

< i- xo + h= bxQ , 

so /(.To) < c.Tq~^ < 6.Xq . Therefore 6 is not a least coefficient, and / is not a 
least-coefiicient polynomial. 

For the other direction, suppose that the differences between the coefficients 
of f{x) are nondecreasing. Since an,ar 7^ co , a„ and are least coefficients. 
Let Oj be a coefficient of / , with r < i < n, and let xq = . "vVe will 

show that /(xo) = OiXq , so a, is a least coefficient. We must show for all k that 

i- + 0,,; < fc • .Xo + flfe . 

This is certainly true for i = k. Suppose k > i. Then, since (at — at+i) < 
(ttg — ttg+i) for f > s , we have 

(tti - ai+2) = («» - fli+i) + (flj+i - ai+2) < 2- (tti- a^+i) 
(aj - ttj+s) = (flj - ai+2) + {ai+2 - ai+s) < 3 • (a, - a^+i) 

And in general wc get 

(dj - Ofe) < (fli - (Xi+i) • (A; - i) = ^ • (2 • (tti - Oi+i)) -{k-i) 

< ^ • ((aj_i - tti) + {tti - tti+i)) ■{k-i)=xo-{k-i). 

Thus, i-Xi + Ui < k-Xi + Qk ■ A similar argument holds for fc < i . So (tropically) 
ttixl < agxl for all s. This means that f{xi) = aix\, so a, is a least coefficient. 
Therefore, / is a least-coefficients polynomial. □ 

Note. If /(x) has a coefficient a, such that = 00 for r < i < n , then / is not a 
least-coefficient polynomial; but of course, aj = 00 for alH > n and alH < r , even 
in a least-coefficient polynomial. 

4 The Fundamental Theorem of Tropical Algebra 

Fundamental Theorem of Tropical Algebra. Let f{x) = a„x" ® a„_ix"~^ ® 
• • • ® arX^ be a least coefficients polynomial. Then f{x) can be written uniquely as 
the product of linear factors 

anX^ {X ® dn) {X ® dn-l) ■ ■ ■ {x ® dr+\) , (4) 

where di = a^-i — Oi . In other words, the roots of f{x) are the differences between 
consecutive coefficients. 
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Proof. Since f{x) is a least-coefficient polynomial, the differences between consec- 
utive coefficients is non-decreasing, i.e., d„ < dn-i < • • • < ^r+i • Knowing these 
inequalities, we can expand Q to get 

ttnX"' andnX"~^ a„(i„C?„„ix"^^ • • • ttndndn-l ' ' ' dr+1 ■ (5) 

But the coefficient of the a;* term in this polynomial is 

a„(i„d„_i • • • di+i = a„ + rf„ + rf„_i + • • • + dj+i . 

A straightforward computation shows that this is equal to a^, so the polynomial in 
^ is equal to f{x), as desired. 

Now suppose that there is another way of writing f{x) as a product of lin- 
ear factors. Call this product g and note that it must have the same degree 
as / . Additionally, the smallest non-infinite term of g must have the same de- 
gree as the smallest non-infinite term of / . Hence, we are able to write g(x) = 
a'^x^ {x d'j^) [x d[^_i) • • • (x d'^+i) , with each d'^ chosen, after reindexing, if 
necessary, such that < < ■ ■ • < rf^+i • Expanding this product shows that 
the differences between consecutive coefficients of g are non-decreasing, so g is a 
least-coefficient polynomial by Lemma 3.4 We see from (|5| that / ^ 17 , so by 



Lemma |3.2| / is not functionally equivalent to g . Therefore, the factorization is 
unique. □ 

Finally we note that tropical factoring gives us a slightly different result than 
classical factoring. Classically, the set of roots (or zero locus) of a polynomial 
is the set of points at which the polynomial evaluates to the additive identity. 
Unfortunately, tropical polynomials have either no roots or trivial roots in this 
sense. In fact, if f{x) ^ 00 , then /(xq) never evaluates to the additive identity 
00 when xq ^ 00 . However, as we have seen, polynomials in Q[x] can be factored 
and seem to have "roots," although they do not evaluate to the additive identity 
at these points. Clearly, we must use a different, more meaningful definition. In [3] 
motivation is given for the following definition of zero locus. 

Definition 4.1. Let f{x) e Q[x]. The tropical zero locus (or corner locus) Z(f) is 
the set of points xq in Q for which at least two monomials of / attain the minimum 
value. 

The di in Q are precisely that points of 2{f), as we now show. 

Theorem 4.2. Given a point d € Q and a least- coefficient polynomial f{x) , x®d is 
a factor of f(x) if and only if f{d) attains its minimum on at least two monomials. 

Proof. First, suppose that a; d is a factor of f{x) . If we write / as a product of 
linear factors as in Q, = d for some di .For all j < i , 

Oi + i- di = ai + {i - j) ■ di + j ■ di 

< flj + -t- dj_i H hdj+i+j-dj 

^ V ' 

i—j terms 

= aj + j ■ d., . 
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A similar calculation shows that for j > i , wc have Ui + i ■ di < aj + j ■ di . So 
f{di) = aid\ . Also, a^d- = a„dndn-i ■ ■ ■ di+id\ = a„d„ci„_i • • • d^d*"^ = ai_ic?-"^ , 
so the minimum is attained by at least two monomials of f{x) at x — d . 

For the other direction, suppose that the minimum is attained by two monomials 
at f{d) . By way of contradiction, suppose that these monomials are not consecutive. 
Then for some j < i < k , we have Qjd^ = aud^ < aid^ . \i x < d then 

Qk + k ■ X — ttk + i ■ X + {k — i) ■ X < + i ■ X + {k — i) ■ d 
= ak + k ■ d + i ■ {x — d) < tti + i ■ d + i ■ {x — d) 
= Gi + i ■ X 

Similarly, ii x > d , then ajX^ < aiX^ . Thus there is no x such that f{x) — aix' , so 
tti is not a least coefficient, which is a contradiction. Therefore there is some i such 
that Aid' — Qi^id^^^ . Thus we have 

= fli-i + (i — 1) • d — (fli + z • d) = fli-i — Qi — d . 

So d — ai^i ~ ai , the difference between two consecutive coefficients. Since / is a 
least-coefficient polynomial, xQdis a, factor of / by the Fundamental Theorem . □ 

Thus, as in the classical case, the unique factorization of a polynomial in Q[x] 
gives us what could be considered the roots of the polynomial. It is clear that all of 
the arguments and results of this paper hold if we replace the rationals Q with any 
ordered field. Thus any ordered field, together with oo , can be said to be tropically 
algebraically closed. 
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